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ABSTBACT 
In this paper we derive some typical transformtltion formulae for Kampe de Feriet 
function of higher order. By suitably specializing the various parameters involved, 
it is shown that the results encompass severe1 cases of interest. In part&&u, we 
obtain the following interesting summation formulae : 
(1) 
Y, 
fl+ril--y A+rl--y+r- 1 a+ 1 a+r+l , .*.t -;l r r Sy+iP “‘3 ?+I 
5ir+sEhr+1 
C 
A+rl+ 1 I+ril+r+l a+1 a+r 
g+l ’ ***’ r+l 
, -, . . . . - ; 
r c 1 M(l+rl) r(il+rA-a-y) = (A-y) r(l+rl-y) r(il+rl--a) ' @=l*2s ..I 
valid for RI (L+A-a--y) >0 and incorporating the known results of Bailey [S] 
and Abiodun [2] when y = -n and T= 1 respectively. 
(2) The Saalschutzian series 
Yl 
a-y+1 - , . . . . =p, p/r; 1’ 
r 
r+a 1+1 F 
a+1 a++- -,*..,-9 1+/?/r; I r 7 
= r(l+~W W--Y) rU+a) r(l+a-B-r), (r=l 2 
r(l+a-/l) r(l+a--y) r(l+P/r-y) ’ ’ *‘* 
) 
provided that RZ (l+a-r-/I)>O, RZ(l--y)>O and RZ(l+a)>O. 
1 
and 
(3) r+!aElr+1 
[ 
1+a--s l+d--d+r I -((r+l)‘+lx, 
r+l’ ***’ r+l ‘T+1; Tql--zp+’ 
1+1-a a--S+r l+l+f -, . . . . 
r -ST; r I 
=(1-x)" sBl[8, & ; & +1; + 
1. INTRODUCTION 
Carlitz [7], Pandey and Saran [8], Sharma, [IO-16j, Singal [16], Abiodun 
and Sharma [3], Abiodun [l, 21 have given a number of transformation 
formulae for Kampe de Feriet function of higher order. 
The object of this paper is to prove some transformation formulae for 
Kampe de Fe&t functions of higher order and discuss some of their 
pttrticular cases. 
Bailey [5, equ. (3.43), p. 5011 hss proved the summation formula, 
(1) 
[ 
OL ol+1 or+r n+q-1 n+q lz+q+r--2 
r+1’ p-q’ *-*9 - 3 
r+l r 
, -3 *--, r 2 
, -n;l 
er+fl2*+1 
P cl+1 q+P a oc+l or+r-1. 
~l’p+l’*-~9 -> -> r+l r -rye** r ’ I 
(q-ah 
= [q+~(r+1)---l(q)n-l’ 
For convenience, let us introduce the following notation due to Burchnall 
and Chsundy [6, equ. 61 to represent the Kampr!+ de Feriet function 
where (up) and [(a p )] m+n abbreviate the p-parameter sequences al, . . . , a,; 
and the product (a~)~+~ . . . (u~)~+~ respectively. (2) is absolutely con- 
vergent if 
(i) p+q+r<s+k+h+l for all values of z and y; 
(ii) p + q + r = .s + k + h + 1 for all v&~es of 2 and y in the region common 
to Iz]~/P-~+ ]y]rlp-8= 1 and 1x1 cl, (y/1<1, containing origin; and 
(iii) p+q+r=s+k+h+l, p=.s, for ]2]<1, Iyl-cl. 
For the purpose of this investigation, Bailey’s formula (1) c&n be expressed 
2 
in the more convenient form 
(3) a+1 a+2 a+r+l p p+1 -- !+-I, -%. 1 r+l ,r+l’“” r+l 2;Y-yP”v r , 
2r+2F2,+1 
p-n+1 p-?&+2 p-i+r+l a+1 a+2 oL+r 
r+l ’ r+l ’ -**’ r+l 
, - , - ) . . ., - 
r r T 
; 
I 
= (-l)n(l+B)-ta(B/r)n(l+oL-B)n 
(1 +B/rh * 
We also require the following: 
(i) The summation formula for the double hypergeometric series due 
to Appell and Kam@ de Feriet [2, p. 22, equ. (24)] 
(4) 1 = F(6) q-a-p-y) T(d-Lx) F(S-/9--y) 
valid for Rl (d-a-/I-y)>O, 
(ii) The generalized factorial function 
(6) (&,a = (a/k),@ + I)/&(@+ .W),, . . . (@+A-- l)lkM+. 
and (iii) Gauss’ summation formulae [9, p. 69, ex. (4)] 
2. TRANSFORMATION FORMULA 
The fist of the main results we give here is the transformation formula y, 8+B1+b-Y 8+&+/%--y+r-1 ;w+l, ***, a+p+l 
r 
, -**, P r+l r+l ’ 
(7) F 
s+p1+p2 d+j31+/92++ al+1 a1+r & 
r+l ' *-- 9-i-l 
; -, . ...-, 7 +1; 
r r 
b;-, oIz+l . . . . az+r+l 82 
r r+l r+l ‘7 
; 1,1 
a2+1 ara+r 182 
-, . ..) 
r 
-, +1; 
r 7 1 
3 
q-Y) W+h+Bd p 
= r(d)qc?+pl+pz-y) I[ 
If1 
y;,, 
I92 
1+m-jh; 7’ 1+m-B2; 121 
,.I% t32 
,-;:+1;7+1; 
(r = 1, 2, . . .) where 0~1, 0~2, /31, ,!?z, 8, y are arbitrary complex numbers 
provided that RZ (S+p1+@2-y)>O. 
PROOF : To prove (7), we consider 
c r;/%/r, l+m-&;/32/r, l+ocz-/92; 1, 1 @) F &/h p2 ,y+l;F+l; 1 
= mzo f (v)m+n(/%/M1+~l-&(~)n(l+a2-Ba)n m!n! (a),+.(! +1p +l)% by (2) 
=g z (y)m+n ( - 1)m+n 
m-0 98-0 f?z! n! (&n+n (&+1)-m (/h+ 1)-n 
x55 
( - WZJ (011 + 1 )PW) (81)pr ( - n), (a2 + l)&+l) (B2)* 
p-o q-o P ! q! (011 + l)pr (Bl + 1 - m),(r+l) (a2 -t l)gr (/32 + 1 - n)*&+l) 
=z 2 (Yh b1+ 1),(r+l, (Bl)pr (a2 + lh(r+l) (82)w 
p-0 q-o P ! q! (Q,+, (w + 1)xw (a2 + 1)(/r (/A + 1)pf (/32 + 1,; 
=zz M-w (a1 + l),(r+l) (B)*r (012 + l),(,+l) (S2)gr 
p-0 q-0 P! q! w,+, bl + l)pf (Bl + l)pr (012 + 1)Qr (/% + l)qf 
x Fl(y+p+q; --/b-p, -#&a--qr; G+p+q; 1, 1) 
where PI is the Appell’s first function. If we make use of (4) to sum the 
last expression we obtain that 
r /% y;,, 82 l+w---1; 7, l+olz-Bz; 1, 1 
(9) F 
i 
&A ‘7 .l;! +1; 
F(d) T(6 + jh + /92 - Y) 
= F(d-y) Q?+p1+/32gz) 
4 
x 2 z wPfp(~1+lh+l) uA)Pr(~2+~h+1) b9262)w 
p-o POP! !I! (6+~1++2)(ptq)(*+l)(al+l)pr(Bl+l), 
(~+&+/32--Yh9+@r 
(a2 + 1M32 + l&r 
valid for RI (d+/?l+&-y)>O, (r=l, 2,...). 
Employing (5) in the right hand side of (9) and interpreting the resulting 
summation with the help of (2) we obtain (7). This completes the proof 
of (7). 
We shall mention some interesting particular cases of (7) which are 
generalizations of several results given in the literature. 
(a) If we let /?I =OL~ + 1 and /3a = 0~2 + 1 in (7) it yields the summation 
formula 
[ 
YY 
2+m+OL2+d-y a1+a2-6-y+r+l 
r 
, ***, 
r 
; 
(10) F 
2+m+n2+6 m+orz+B+r+2 011+2 
r+l ' ***' r+l 
; -, . . . . 
r 
u1+1 m+r+l or2+1 
r+l ’ ***’ r+l 
; -, . . . . 
r+l 
“J--T l ; 1, 1 
a+r+l 012+2 
; -, . . . . 
orz+r+1* 
T T r ' I 
r(6--y)r(2+c%l+az+B) 
= q.qr(2+orl+cx2+6-y) 
(r=l, 2, . ..) 
provided RI (2+a~1+0~2+8-y)>0. 
We observe that (10) is substantially the same as Sharma’s [lo, equ. (4), 
p. 581 generalization to two variables of Bailey’s summation formula 
[5, equ. (3.42), p. 5001. Similarly, by suitable choice of parameters, recent 
various formulae due to Sharma [lo, 111 can be obtained as particular 
cases of the transformation formula given in (7). 
(b) If we set @a=0 in (7) we obtain the transformation. 
[ 
YP a+p-y, . ..) 
ar+r+1 /3 
r 
8+8-Y+r-l, f+$, . . . . 
r r+l ‘r ;I 
(11) 2d'2r+2 
8+B 8+/3+r or+1 u+p p 
r+l - ’ *--’ r+l-’ ?- 
-, . . . . -, ; +1; 
r 1 1 W--Y) Jv+P) g2= r(6) r(6+p-y) 1 
(r=l, 2, . ..) valid for RE (a+/?-y)>O. 
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If r= 1, it reduces to a known result due to Abiodun [2, equ. (ll)]. 
(c) In case y= --n (a negative integer) and d=~+p-n+l in (11) 
and we apply the Saalschutz’s theorem [16, equ. (2.3.1.3)] 
(12) SE;, --n,a,b; 1 
[ 1 = (C-4?b(C-b)n c, 1-c+a+b-n; (c)n (c--a-b)?&’ 
we obtain the new result 
[ 
ol+1 (x+2 
-n, -, -, . . . . r+l r+l 
oc+r+1 8.1 
r+l ‘T’ 
(13) r+flr+2 = 
Ix-n+1 Lx-n+2 a-n+r+l p 
r+l ’ r+l ’ --*’ ?-+I 
,,+1; I 
The case r= 1 in (13) is a known result due to the author [Z, equ. (13)]. 
(d) If we take 8 =/l/r in (11) and employ Gauss’ summation theorem 
[16, equ. (1.7.6)J 
(14 2F1 
a,b; 1 ll 1 = F(c) r(c--a-b) c; qc-a) F(c--b) 
valid for RI (c-a-b)>O, 
We obtain a new summation theorem 
6+94-y 8+r6-y+r-1 CC+1 Lw+r+1 
Y, T , ***9 r ’ r+l ’ ***’ Yfl ;l 
( 15) 2r+2Eir+1 
6+rd+1 B+r8+r+1 cxfl C%+r 
r+l ’ .‘. : fl 
, -, . . . . - ; !r r 1 Br(d+rd) r( r -Ly-y) = (d-y) q8+rd-y) q6+n3--,) (r=1y 2y*--) 
provided that RZ (6 +r8-or --y) > 0. When y = -n in (16) it reduces to 
Bailey’s formula (1). Equation (16) is therefore a generalization of Bailey’s 
summation formula. 
(e) Let us set 6 = 1 + (x - ,5? in (11) and apply Gauss’s theorem (equ. (la)), 
we arrive at a new summation theorem for an infinite Saalschutzian series : 
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Y¶ 
a--y+1 
r , **a, 
a-Y+r 8.1 
r 2-s r 
w p r+2 f+l 
[ 
a+1 a+r fi 
-, 
r 
. . . . -,; fl; 
r 1 
rg +1)T(1--y)r(l+a)r(l+a--B--y) 
r(l+cx-p) r(l+ol-y) r (!J -,+l) * 
Valid for RZ (l-y)>O, (r=l, 2, . ..). 
The second main result of this paper is 
[ 
-12, 'Ln, . . . . /?+n+r-1.1+&& 1+&--%+r 
r r ' r+l 
, *a-, r+l ’ 
(17) F 
B p+r 1+21-81 -, 
r+l 
. . . . - ; 
r+1 r 
, a*-, 
Al-&+r I+ll+r; 
r ' r+l 
izl 1+A2--82 
r+l ; r+l ' -*-' 
1+A2--62+r la s1 1 
r+l 'r+l' ' 
1+ila-82 
--, . . . . 
r 
jl2-62+r 1+jlz+r; 
r ' r+l I 
= u3-~l-n2), 
wn 
[ 
Al 
-n; 81, - 
r+l 
; d2, a2 -; 1,l 
r+l 
F 
I 
) (r=l, 2, . ..). 
I--/3+k+la--n; r+l 
1+&+r;l+A2+r 
r+l 
PROOF: To prove (17) we start with its left hand side 
[ 
-78, En, . . . . j3+?2+r-1~1+&61 lfll--81+r 
r r ' r+l 
, **a, r+l ’ 
(18) F 
B /9+r 1+&--61 Al-fh+r l+ll+rs - 
r+l 
) . . . . - ; 
r+l r 
, *--, r ' r+l ’ 
h 1+A2-82 1+i2a--ba+r 22 -; . 1 
r+l r+l 
' *-*' 
r+l 'r+l' ' 
1 
1+A2---2 
r , --*, 
12--62+r l+il2+r; 
r ’ r+l 1 
= 1 2 (-nb+q (B+nhw (w8(r+l) @2h(r+l) 
r-0 u-o m*1,(P+$?., (1+uw(1+~2)qrp! q! 
d’l [G;$,;;] 23’1 [$2;;;;] by (5) 
u+c Qn (-~)~+u(B-~~u+u) (~1)~*+1)~(~2)(~1),(-l)u~ 
= so A b%+l)wu) (l+j2l)u(r+l)(l+~2)(r+l)r,ZG! w!- 
[ 
-n+u+v, e +u+v, . . . . B+nj-r-l +u+v; --+ +u, . . . . 
F 
B B+r - 
r+l 
+zc+v, .. ..yg +u+v; 1+l1+ur+u a1+ur+u* 
r , **a, T ' 
A1fr 
r+l +u; -& +v, . . . . as +w; I,1 
1+lz+vr+r ;lz+m+r 
r , a-*, F ; 1 bY (64 
21 
= (B-~l-ai $7 
--n; 81, - 
r+l ; 82, a2 
-; 1,l 
r+l 
6% 
1-/?-n+b+k;-& +l;-& 1 by (10) +l; 
and this completes the proof. 
Taking 12=O in (17), we get 
(19) 2Pdh-2 
[ 
-n,‘+n, . . . . /3+n+r-1 1+1-J 1+l-b+P !r r ’ r+l ’ -*- r+l ’ 
B /3+r 1+iz-8 a-c?+, r+l’ -*-, -9 -, *-., -, f-+1 r r 
a -; 1 
r+l 
&+1 
. , 1 
1 
-n, 8, 
a 
-; 1 
r+l 
1 1-n-p-1,-& +1; 
But (19) is equiva,lent to the transformation formula 
1+il-8 1+iZ-8+r ;z -(T+ 1)r+12 
r+l’ *-*’ Tfl 
(20) r+flf+l 
[ 
’ r+l ; (r)r (1 -x)r+l 
1+1-8 a-8+r a 
-, 
r 
. . . . -, rtl +I; 
T 1 8 a ,---ix r+l =(1-x)” 2F1 a [ 1 *- +I; r l 
If 8=0 in (20) it reduces to a known result due to Bailey [5, equ. (3.4), 
p. 5001. 
If r = 1 in (20) it gives 
1+a-8 2+i2-8 a - 4x 
-~-+(1-- 2 2 
(21) 32 
l-A-8,:+1; 
=(l-xy zF1 "a;$" 
[ I , 
In case r = 2 in (20) it gives 
.1+1-8 2+i2-8 3+1-8 A, -27x 7 
-9-p-9 3 3 3 
(22) 43'3 
3qixj3 
l+A-8 2+iz-8 A 
-9-s 2 2 3+1; J 
8, @n; x =(1-x)” 231 $A+l; - [ I 
By taking y = -n, and making necessary changes in the other parameters 
in equation (7) and comparing with equation (17) we obtain the following 
formula 
9 
81 -n;,, I92 1+oL1-/A;--, l+az-pa; l,l 
(23) F 
&Bl P2 ,7+1;;+1; I 
Equation (23) gives an indication of the existence of a more general 
formula : 
(2*) F --l~;2~-nl; e2, p2-A2; ly ‘1 
3 
4; el, AI; e2,izz; 1, 1 
l-fi-n+el+ez;pl; p2; 1 ’ 
PROOF : We start with the L.H.S. of (24). 
(25) p --l%2y-A1; e2? p2-i22i ” ‘1 2 D+a 6 ( --nJp+q (edp (PI-UP (e2h (lua --A2h 
MP+q (PdP (P&P ! !7! 
= 12 ax (-n)P+P(edP ted4 so (-$$‘r ,$ (;f$$$’ 
(B)P+G! !-I! 
by (6b). 
n+a <+I 
( - n)P+q (elh (e&2 
wptp r-0 r! (1)-r)! (p1)r r-o 
r+* e8 (-n),+,l (el)r (e2)# (Jl)r @2)8 ( - l)r+8 
(/%+B (1~1)~ 042)a ~4 4 
Fl[-n+r+s; el+r, ez+s; @+~+a; I,11 
= &-el-e2)n F -n; el, AI; e2, J2; 1, 1 
m l-#?-n+el+ez; pl; p2; 1 by (4 
This completes the proof of (24). 
Taking el or e2 = 0 in (24) it gives 
1 
1 
(b-eh 3F2 =- 6% 1 
(26) is due to Whipple [17]. 
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